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Pregled stanja u analizi elastinog ponaSanja ravnih

grednih sistema

Dr Ing. RICHARD BARES, Institut of Theor. and
Appl. Mech., Praha, Cehoslovatka

Zahvaljujuéi pogodnim statistickim efektima ko-
je poseduju, sistemi ravnih greda su masli &roku
primenu u praksi, mada iznalaZenje stvarne raspode-
le naprezanja u njima, kada su opteredeni spoljnim
optereéenjem, zadaje velike te$koée zbog njihove ve-
like staticke neodredenosti. U istoriji mehanike je
malo konstrukcija kojima je posvedena tolika paz-
nja kao ovim sistemima. Bibliografija koja se odnosi
na njih je ekstremno bogata: o eno je na deseti-
ne hipoteza, postupaka i metoda sa namerom da se
objasni rad pojedinih élanova sistema i smisli po-
godan metod za analizu, Veliki broj disertacija, dok-
torskih teza i istrazivat¢kih radova objavljenih mna
fakultetima i istraZivackim institutima po celom sve-
tu bavio se analizom ovih sistema. Medutim, samo
neki od tih radova su postigli svoj cilj. Kod veéine
metoda prora¢unski deo je toliko veliki da postu-
pak: nije mogao naéi vedu primenu, bilo zbog medo-
statka vremena bilo zbog nemoguénosti da se mate-
maticki aparat dovede do stvarne primenljivosti. I
oni koji su vife u$li u problem ponekad su se za-
dovoljavali manje ili viSe aproksimativnim proradu-
nirg:. Takav je bio kraj jednog niza ambicioznih me-
toda.

Teorije koje pokrivaju elastiéno ponasanje rav-

nih sistema greda mogu se uopiteno podeliti u tri
grupe:

a) Teorif'ﬁmkoje opisuju konstrukciju u njenom
realnom obliku pokrivajuéi ponafanje svakog poje-
dinog elementa konstrukcije pom sistema pre-
opdirnih linearnih, simultanih jedna&na. Broj ovih
teorija_je vrlo visok i onme su primenljive kako u di-
rekinoj tako i relaksacionoj amalizi uz pomo¢ radu-
nara.

b) Teorije koje zamenjuju realan sistem greda
prostijim sistemom ¢{ija je krutost ekvivalentna sjg-
dinjenoj popre¢moj krutosti glavmih greda. Ponaga-
nje konstrukcije je pokriveno skupom simultanih
diferencijalnih jednadina. Samo u najprostijim sluda-
jevima radunar moZe biti izostavljen.

c) Teorije koje zamenjuju realan sistem pojedi-
na¢nih elemenata elasti¢no ekvivalentnim sistemom
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jednako raspodeljemim u oba pravca. Analiza moZe
ristiti $irok matemati¢ki repertoar upotrebljavan
u analizi kontinuuma, sa ili bez pomodi. ra¢unara.

Teorije pod a) i b), koje se m okarakterisati
kao statika S$tapova, bile su obradivane pocev od
1889. god. kada je Engesser publikovao svoj rad, pa
do otprilike 1945. god. Renesansa njihovog razvoja
pada le 1960, kada pocdinje da se uvodi nova teh-
nologija ratunanja. Razli¢iti numeri¢ki postupci, upo-’
trebljavani do 1947, temeljno su pomenuti u obim-
nom Jansenniusovom radu [1], dalji doprinosi se
mogu naéi u radovima Beera [2] i Jédgera [3]. Oni
svedote o ponovljenim pokus$ajima da se aproksima-
tlivnim metodama nade najpreciznije re$enje prob-
ema.

U analizi metodom deformacione energije mepo-
znate su sile koje dejstvuju izmedu glavnih i popre-
¢nih greda [4], u slu¢aju oslonaca sa trmom ili kod
krutih spojeva to su vezne sile i momenti u dva
pravca [3], [5]. Broj nepoznatih je n ili 3n, ako je
n broj spojeva. Hilal [18] je pokazao da fak i u slu-
¢aju ﬂmtuh spojeva vezne sile mogu biti upotreblje-
ne kao mepoznate veli¢ine, koje dejstvuju na poduZne
i popre¢ne grede kao dva nezavisna sistema kontinu-
alno, elastitno vezanih greda. Al reSenje zahteva
prethodno odredivanje stalnih tataka oba sistema
greda.

Refavanje 3n jednadina se moZe izbedi ako
se moZe nadi sistem spoliaénjeg, takozvanog sop-
stvenog opterecenja pod kojim se redetka verti-
kalno savija u jednostavnu formu (linije savijanja
svih podunZih i/ili popre¢mih greda su sliéne). Ovi
sistemi optereéenja se moraju kombinovati tako da
daju stvarno stanje optereéenja. Metoda sopstvenih
optereéenja je generalizacija metode Fourierovih re-
dova i u saglasnosti je sa uop3tenom metodom resa-
vanja zasnovanom na primeni ortogonalnih funkcija,
¢esto upotrebljavanoj u matematitkoj mehanici. Tu
metodu su prvi objavili- Bleich i Melan [6], koji su
primenili diferencijalnu analizu; kasnije su je Koch
[7]1 i Thoms [8] razvili na i nadin; precizno re-
$enje su takode dali Melan i Schindler [9], Homberg
[10], Trost [53] i drugi. O¢igledni nedostatak metode
sastoji se u &injenici da se, kao prethodno, mora od-
rediti n sistema sopstvenih optereéenja. Odredeno
pojednostavljenje je moguée ako je odrZama propor-
cionalnost izmedu pomeranja &vorova i spolja$njih
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sila koje dejstvuju samo po poduZnim ili popreénim
gredama.

Ako je broj popretnih greda beskonadan, sop-
stvena opteredenja su sinusoidna, §to omogudava pri-
litno dobar analiti¢ki postupak, kao $to je pokazao
Timoshenko [14] za slobodno oslonjene popredne
grede a Hetenyi [15] i Weber [16] za popredne gre-
de sa slobodnim krajevima. Hondermarcq [17] je
nastavio slinim pravcem zamenjujuéi beskonadan
broj popre¢nih greda kontinualnom ploGom oslonje-
nom na paralelne grede. Metoda Pipparda i De Wael-
la [33] koristi uniformnu podelu popretne krutosti;
autori su dobili sistem diferencijalnih jednad&ina &i-
je je reSenje suvide kompleksno da bi bilo prakti¢-
no primenljivo. Homberg [11], Clarkson [12], Bier-
mann [13] i drugi objavili su tabele za neke tipove
rodiilja zasnovane na primeni metode deformacione
energije.

Kod »ugib — nagib« (»slope — deflection«) meto-
de nepoznate su vertikalno pomeranje i uglovne de-
formacije &vorova. Ovu metodu je prvi primenio Os-
tenfeld [18] za slobodne oslonce sa trmom. Genntner
F refavao problem sa krutim spojevima a zadovo-
javajuée reSenje je takode postavio Palotis [20].

. Razrade;; je takode, uz pomoé metode deforma-
cione energije i »ugib — mnagib« metode zajedno, je-
dan pogodan kompjuterski postupak, mnarotito ako
je analiza aranfirana u matriénom obliku U tom
smislu mogli bi se koristiti i radovi koji re$etkastim
sistemom S$tapova modeliraju elasti¢ni kontinuum.
Prvu monografiju ove vrste objavio je Hrenikoff
[21] (kvadratni model roitilja sa konstantnim Pios-
sonovim brojem 1/3). Za jedan opétiji model ravnih
greda relenja su dali Newmark [22], Ang i New-
mark [23] i Yettram 4 Hussain [24]. Druge specijal-
ne slu€ajeve su istraZivali Christensen [25], Lightfoot
[26], i Hudson i Matloch [27]. Willems i Lucas [28]
i dJ:ugl [29], [30], [31] objavili su matri¢ni oblik jed-
nadina uglovnih deformacija, to isto su uradili Eisen-
mann 1 ostali [32] 1962. god. za veliki broj $tapova.
Na taj nadin organizacija ratunanja moZe lako biti
aranzirana u sistem tako da se sa programiranjem
moZe zapodeti odmah. Metoda opet pretpostavlja da
je svaki Stap izloZen jediniéntim ugaonim deforma-
cijama u dva pravca i jedini¢nim pomeranjem u tre-
¢em. Sile izazvane jedinitnim deformacijama su ta-
kozvani koeficijenti krutosti i obrazuju matricu kru-
tosti svakog pojedinog Clana re3etke. Rotirajuéi ove
matrice u jednom jedinsivenom sistemu koordina-
ta dobija se, iz uslova kompatibilnosti deformacija
évorova, matrica celog sistema $tapova. Rotirane ma-
trice su priredene unapred tako da za svaki pojedi-
ni elemenat treba samo zameniti brojne vrednosti
krutosti, dimenzija i ugla rotacije matrice. Precizna
numeri¢ka analiza rostilja metodom deformacione
energije i aranman koji zahtevaju elektronski ratu-
mari takotie su obradeni u jednom broju radova Uli-
ckog, na pnimer u [54]. Uprkos &injenici da matrié-

na organizacija ratunanja poseduje gore pomenuta

freimuéstva 1 &injenici da se brzi radunari mogu
ako dobiti, ove metode su podeene pre pri amalizi
nekih posebnih slucajeva nego upotrebi u tekucoj
praksi.

. . U nameri da se izbegne sistem sa velikim brojem
jednalina izmisljene su razliCite relaksacione meto-
de, kod kojih se ranije jednadine, koje uopste misu
ni napisane, reavaju postepenom aproksimacijom.
Poletna tatka je refetka; njeni se &vorovi postepe-
no oslobadaju (pomeranjem i rotacijom u oba prav-
ca) na nadin koji je sugerirao Cross u analizi okvi-
ra. Za ¢&vorove koji nisu kruti ovakvu metodu su
razradili Southwell [34], Jansonius [1] i drugi, a za
krute spojeve Van Russelt [36] i Jansonius [1]. Laza-
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rides [7] je bio u stanju da primeni ovu metodu na
istraZivanje prethodno napregnutih rostilja sa raz-
licitim tipovima oslanjanja.

Sve pomenute metode moraju, zbog utro$ka vre-
mena ra¢unanja, da sadrie numeri¢ki odrefiene uti-
cajne povrSine; pa ¢e dobijanje vrednosti unutrad-
njih sila biti priliéno te$ko i metatno, §to takode u
potpunosti degradira tvrdenje o visokoj tafnosti me-
tode.

Pokusavano je da se problem re$i izvesnim bro-
jem pribliznih metoda koje analiziraju samo jedan
deo rostilja, zamenjuju realne elemente idealizovanim
i uvode upro$éenja a priori. .

Bechyné [38] je, na primer, ispitivao rodtilj upo-
trebljavajuéi jednadine pet momenata; 1 njegovom
sludaju popretne grede su bile elastiéne i oslonjene
na elastiéne oslonce sli¢ne kontinualnim gredama.

Leonhardt [39] bira upro$éeno popredno povezi-
vanje takvo da su sve poprefne grede koncentrisane
u jednu centralnu popreénu gredu-iste krutosti, tran-
sfer je bio zasnovan na eksperimentalnim opaZanji-
ma. Torzioni efekti nisu bili ukljudeni. Ovu ideju
su takode razvijali ¢e$ki autori Pacholik [40], Brebe-
ra [41], Faltus [42] i Dasek [43]. Poslednja dvojica
su re$ila problem koristeéi krutost popre¢nih i
duinih greda u jednom utvrdenom. odnosu, ili obr-
nuto, sa jednakim poprefnim presecima poprecnih
i/ili poduznih greda za opteredenje koje je gradira-
no u skladu sa razvojem savijanja (tzv. idealna kon-
figuracija optereéenja ili harmonijska opteredenja);
to im je omogudilo uvodenje jedne tzv. idealne po-
pretne grede. Medutim, reSenju nedostaje jasnoca
1 prilitno ga je tedko dobiti za videstruka stanja op-
terec¢enja i wiSestruke sisteme greda. Kollir [20] je
usavr$io metode koje koriste jednu jedinu elasti¢nu
popre¢nu gredu uvodeéi torziju u razmatranje.

Dalje uproséenje predstavlja zamenu elastinih
popre¢nih greda beskona¢no krutim poprefnim gre-
dama, 3to je slu¢aj kod ranije pomenute Engessero-
ve metode [45]. Tu metodu su kasnije preporudili
Courbon [46], Mallet [47], Gaussens [53] a prema
Gibschmanovom usmenom saop$tenju sliéna aproksi-
mativna re$enja (Proskurjakov od 1902 [49], Grigor-
jev [50] i Iljasevich) veé¢ su bila u upotrebi u sov-
jetskim projektantskim centrima.

Teornije pod c), u kojima je realan sistem indi-
vidualnih elemenata reduciran na elasti¢no ekvivalen-
tan, kontinualno rasprostrt sistem, predstavljaju pre-
laz na mehaniku kontinuuma primenom diferencijal- -
ne jednacdine ortogonalno anizotropnih ploca.

Fundamentalna diferencijalna jednaina savija-
nja tanke ploge bila je izvedena 1811 god od Lagran-
gea i Germain [55]. Poisson {72], u svom poglavlju
o elasti¢nosti (1829), uvodi prvi }gut ispitivanje ela-
sti¢énih plo€a upotrebljavajuéi opste jednadine elas-
ti¢nosti; mjegova formulacija nekih konturnih uslo-
va je dozvoljavala reSavanje samo mekoliko prostih
slu¢ajeva. Godine .1850. Kirchoff [53], koristedi prin-
cip energije, izvodi jedna¢inu koja opisuje stanje
i odgovarajuée konturne uslove reduciraju¢i njihov
broj na slobodnoj ivici. Prvu studiju greda koje leze na
elasti¢noj podlozi publikovano je godine 1867. Winkler
[57]. Njegovu teoriju je prosirio Zimmerman [58] 1888.
god. Na polju ploda oslonjenih na elasti¢nu podlogu
prvi doprinos dao je Hertz [59] godine 1881. koji je
istraZivao plotu pod koncentrisanim teretom. Hertz
je, kao i Winkler pretpostavio da je reakcija podl§3e
proporcionalna ugibu elasti¢ne plo¢e. Godine 1923.
Westergaard [60] Iie prodirio teoriju beskonaé¢ne, ela-
sti¢éno poduprte plode tako da se dobila jedna prak-
tiéna metoda za analizu temeljnih plo¢a; ovaj metod
je jo$ u upotrebi. Timoshenko i Woinowski-Krieger
[61] su objavili najskoriju diskusiju ovoga problema;
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radilo se o centridno opteredenoj kruinoj plodi. Go-
dine 1953. Livesley [62] je do$ao do formalnog ree-
nja problema polubeskonadne plofe i beskonadnog
kvadranta. Tu sledimo dalje doprinose velikog bro-
ja autora, na primer Kerr [63], Gorbunov-Posadov
[64], Klepnikov [65], Korenev i Czermigovska [66],
%%lilo_vd i Serebrjanyj [67], Zhemochkin i Simicyn
itd.

Fundamentalni radovi koji se ti¢u teorije anizo-
tropnih plo¢a potitu od Hubera [72] godine 1921.
Chwalla [44], Hearmon /[69], Lekhnicky [70], Ambar-
cumyan [71] i drugi su dali pregled jednadina i raz-
lic¢itih komstanti anizotropije.

Kako je precizna analiza napona i deformacija
tankih ploda moguéa samo u specijalnim slutajevi-
ma, upotrebljava se, kada se radi o op$tem siste-
mu ploda, niz razli¢itih aproksimativnih metoda re-
Savanja. Po potpunoj obradi klasi¢nih reSenja Lag-
rangeove jednadine (Navierovo, Levyevo, kona¢ne ra-
zlike itd.) razvijena je, u kasnim pedesetim godina-
ma, metoda konaénih elemenata koja obraduje pro-
izvoljne dvodimenzionalne probleme na primer od
Argyrisa [73], Clougha [74], [75], Melosha [76] i
Zienkiewicza [77]. Ova metoda deli kontinuum mna
geometrijski proste elemente napregnute umutras-
njim silama nepoznatih veli¢ina, koje se odreduju
iz uslova geometrijske kompatibilnosti. Mahrain [78]
je primenio ovu metodu na rebraste plote. Proradun
Je relativno brz pod uslovom da je perfektno organi-
zovan. Stepen tacnosti zavisi od oblika i veli¢ine iza-
branog elementa i od stepena polinoma koji ga opi-
suje. Kada je program jednom ispitan onda prorafun
jednog stanja opteredenja sistema od, nma primer,
1000 jedna¢ina uzima oko pola minuta. Umesto ko-
na¢nih ravnih elemenata moze se upotrebiti (kona-
¢an) $tapmi (linearmi) elemenat, kao $to su to poka-
zali, na primer, Eisenmann, Woo i Namyet [32]. Obe
metode daju uporedive rezultate, Metoda ravnog ele-
menta dopusta deformacije u spojevima za.mexgenog
sistema i matemati¢ke relacije su najbolje defini-
sane funkcijom deformacije. S obzirom da metoda
linearnih elemenata koristi deformabilne elemente
sa krutim spojevima to je bliza svakodnevno upotre-
bljavanoj prora¢unskoj tehnici (metodi deformacio-
ne energije). Prednost ove metode je da promena u
iviémim uslovima ne uti¢e na postupak ili ma opisne
jednacine, i mogu se lako ukljuditi razne spoljadnje
ili unutra$nje nepravilnosti kao rupe, promene kru-
tosti itd. Nedostatak ovih metoda, kao i svih me-
toda koje u Sirokoj skali koriste radunar, je da je
statiGar prili¢no odvojen od realne konstrukcije, on
ne moZe da kontrolife rezultat, izabere najekonomic-
niju alternativu itd. Otuda tako zvano »strogoe pro-
racunavanje (uvodenjem viSe cifara u brojeve koji
opisuju sistem) nije od koristi zahvaljujuéi dinjenici
da jedan broj idealizacija mora nuno udi u pocetne
parametre. Situacija je ovde sli¢na onoj u teorijama
ped a) i b), gde su takode, u refavanju problema
kontinuuma, nasle $iru primenu razne aproksimativ-
ne metode. Ovde su takode, metode koje upotreblja-
vaju koeficijente raspodele (kao u metodama Loen-
harilta, Faltusa, Dafeka itd) dokazale svoju pred-
nost.

. Guyon [79] je, poSavii od Masselina [80], izveo
metodu deonih koeficijenata za konstrukcije sa nul-
tom torzionom kruto$cu, a Massonnet [81] je, kori-
ste¢i Hetenyiev pristup [15], prosirio ovu metodu
uvode¢i i torzionu krutost konstrukcije. Osnovna
pretpostavka obe ove metode je da je poprefna ra-
spodela bilo Koga ogtereéenja ista kao ona kod si-
nusnih opteredenja, $to je Dadek [43] izveo za grede

konstantnog popretnog preseka. Detaljna eksperi-
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mentalna analiza je pokazala sasvim dobro slaganje
sa stvarno$céu, u prkos &injenici da u raspodeli unu-
trasnjih sila ima neslaganja, narodito u konstrukcija-
ma sa plo¢om ili prednapregnutim konstrukcijama
(npr. [82, 83, 84, 85, 86, 87]). Razlog ovome je da
Guyonova pretpostavka o g;:ilnakoj raspodeli bilo
koga opterecenja ima organicenu vaznost, ako je uti-
caj re¢ne konstrukcije zanemaren.

ji razvoj pristupa koji koristi koeficijente ra-
spodele stigao ge do metode G-M-B (Guyon — Mas-
sonnet — Bares) [89], koja omogucava 'i'alcu' analizu
unutranjih sila pod proizvoljnimm apteredenjem.

Godine 1971. objavili su Cusens i Pama [90]
jednu modificiranu G-M-B_ teoriju, proralunavajuéi
nove koeficijente za odredivanje ugiba i poduéuh
momenata od jednog koncentrisanocg tereta, kao zbir
prvih devet &lanova reda kojim je opterecenje bilo
predstavljeno. Na taj nadin oni su stvarno suzili do-
seg originalne metode, Oni su uveli uticaj Poissono-
vog koeficijenta samo u izraz za momente savijanja
konstrukcije sa torzionom krutoséu plo¢e (maksi-
malnom). - .

Na osnovu Pucher-ove metode singulariteta [92]
Krug i Stein su analizirali uticajne povr$ine za niz
sludajeva krutosti (1961). Metoda omogucéava prove-
ru, projektovanje samo za konkretne sludajeve; pri-
prema za ratunanje elektronskim raunarom uzela
je, prema Sattleru, nekoliko godina; jedma uticajna
povrsina zahteva preko 5000 instrukcija. Na uticaj-
nim povr§inama su takode radili Bittner [93], Olsen
i Reinitzhuber [94], Homber [10], Hoeland [95]. Od-
vojeno od toga egzistira niz reSenja Huberove jed-
natine [72] pradéenih tabelama [96], [97], [98], [99]
ili formulama [100], [101], [102]. o

Hossain (1975) [103] je predloZio proirenje
G-M-B mectode na plodaste mostove sa srednjim os-
loncima, superpozicije efekata izolovanih reakdija,
ratunatih iz uslova kompatibilnosti ugiba, sa efek-
tima spoljasnjeg opterecenja. On je uveo numericki
jednostavnije racunanje uticajmih linija pode$ava-
njem orgamnizacije radunanja.

Rowe [104] i Hossain [103] su ukazali na vaZ-
nost uticaja Poissonovog koeficijenta, mada nisu us-
peli da ga uvedu sa punom doslednoséu.

Izvestan broj autora je dokazao da je nemoguce
egzaktno re$enje konstruktivho anizotropnih siste-
ma strogo zasnovano na Huberovoj jedmadini, posto
rastojanje neutralne osovine menja svoj poloZaj za-
visno od lokalnih krutosti. Efekat zida moZe znadaj-
no uticati na sva stanja mapona gomjih vlakana kon-
strukcije. Neke metode uzimaju u obzir sve sile koje
dejstvaju u ortotropnd&j plo&i; redenje, medutim, vo-
di ka kapacijalnoj diferencijalnoj jednadini osmog
reda, ili sistemu od dve parcijalne jednadine d&etvr-
tog reda. Zbog kompleksnosti grani¢nih uslova prak-
ticno je nemogude dobiti reSenje [105 — 115] a ni
primena radunara ovde ne moZe ni$ta da izmeni.
Primena ovih postupaka zahteva razlifita uprosée-
nja pretpostavki, koja viSe nego potiru svaki dopri-
nos viSem stepenu taCnosti originalnog postupka.

Odvojeno od traZenja pogodnog nalina redavanja
Huberove jednadine, miz autora je udinio veliki na-
por da odredi §to je mogude blize ulazne velidine, na-
roCito krutosti ma savijanje i torziju. Narotito se u
razvoju metoda zasnovanih na primeni r
oseéa velika disproporcija izmedu ta¢nosti radu-
nanja i nezadovoljavajuce definisanih ulaznih para-
metara. )

Odredivanje  torzione krutosti ploe. sa rebrima
obiéno se zasniva na zbiru vrednosti koje pripadaju
individualnim, odvojenim delovima (prema Timoshe-
nku i Goodieru [116]. Rowe ' [117] mnije uopS$te uzeo
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u obzir efekt Poissonovog broja a Timoshenko i
Woinowski — Krieger [61] su uveli Poissonov broj
samo u deo poprecnog prescka obrazovanmog plocom
a ne i u sistem rebara. U vedini slu¢ajeva njihova
metoda daje vrlo netadne (obitno vede) vrednosti.
svojoj teoriji, zasnovanoj na Pfliigerovom radu
[107] Gienke [108] je uveo Poissonov broj u ceo
sistem, ali su njegove naponske jednadine tako for-
mulisane kao da su poprefna rebra u jednakom kon-
taktu celom duZinom poduZnih rebara; uticaj Pois-
sonovog broja bio bi ovako znadajno uveli¢an.

Jackson [118] je predloZio izradunavanje torzio-
ne krutosti celog poprednog preseka membranskom
analogijom; ploca nije razmatrana kao kontinualni
elemenat koji prenosi smiduéi tok i vrednosti tor-
zione krutosti su tada suvi$e visoke. Bare§ i Machan
[111] su uveli torzionu krutost baziranu mna interak-
ciji torzione krutosti izotropne plo¢e i zatvorenog
Supljeg profila ukrucenja. Cusens, Zeiden i Pama
[119] su modificirali Gienckeov pristup da bi ga
prilagodili jednom odredenom aranZmanu, ali pri iz-
vodenju naponskih jednadina oni misu mogli da iz-
begnu odredene netaénosti. Cornelius [100] uvodi
tzv. efektivhu torzionu krutost; Hoppmann [120] je
procenio krutost ma osnovu eksperimenata; Trenks
[110] je propustio da radi sa torzionom kruto$éu
greda i ekscentricitetom u popreénom pravcu itd.
Posto ne egzistira bilo kakva ortotropna plota (u
Huberovom smislu) perfektnc ekvivalentna plota sa
asimetridénim ukrudenjima nema op$teg obrasca za
modeliranje torzione krutosti Huberove plofe ekvi-
valentne realnoj rebrastoj plodi; majviSe $to se moie
je izvodenje formula ogrami¢enih samo na jedan spe-
cijalan problem, i saglasnost moZe biti postignuta
samo kod ugiba a me i za naponsko stanje.

Uprkos ¢&injenici da je predmet $iroko i isorp-
no studiran, tako da bi izgledalo da mu je poklo-
njena odgovarajuca paZnja, autor ovoga c¢lanka ose-
¢éa da to mije tako. Metode koje koriste radunare
mogu dati samo rezultate koji su potpuno zavisni
od pretpostavki i ulaznih podataka. One u isto vre-
me odvlate delo, konstrukciju, od neposrednog po-
smatranja stati¢ara: on te§ko moZe da proverava
kako se utite ma razli¢ite statiCke veli¢ine, $to u-
stvari rezultira neekonomi¢no projektovanom kon-
strukcijom, mada proradun moZe biti vrlo tadan.
Kompjuterska optimizacija je prilitno skupa i, 3ta
viSe, jo§ postoji opasnost lakog previda greSaka u
ulaznim i izlaznim podacima. Dokazano je da su ne-
ke ulazne vrednosti i pretpostavke prilicno neodgo-
varajude. S druge strane, aproksimativne metode da-
ju rezultate direktno, i to &mne dovoljno brzo, ali
posto pretpostavke koje ih pojednostavljuju nisu
potvrdene, one nisu u poloZaju da daju istinitu be-
le$ku o stanju mapona u konstrukciji.

Tako smo mi jo¥ uvek suodeni sa problemom
kako se koncentrisano opteredenje, ii opterecenje,
u stvarnosti raspodeljuje medu razlidite gfanove ne-
kog mostovskog sistema ako se variraju vrednosti
popredne kontrakcije i krutosti na savijanje i tor-
ziju. Za projektanta nekog mosta od velikog su
znadaja sledede stvari: odredivanje optimalne vred-
nosti popre¢ne krutosti i, kod prethodno napregnu-
tih konstrukcija, odredivanje kritiéne vrednosti po-
pre¢nog prednaprezanja; moguénost odredivanja
efekta nekog abmormalnog tereta za koji most nije
dimenzioniran i odredivanje optimaln poloZaja
takvog opterecenja na mostu, ili moguénost selek-
cije iz izvesnog broja mostova onoga koga bi, sa
ekonomske tacke gledi$ta, bilo majbolje rekonstrui-
sati da bi mogao preneti takvo abnormalno opterede-
nje. Vazno je da projektant bude u mogucnosti da,
pod istim pofetmim pretpostavkama, izvr$i prorafu-
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navanje razliGitih stepena tatnosti i lako proveni iz-
lazne podatke iz ra kako bi se izbegle velike
greske. Bilo bi neophodno da osnovni racunski
postupak uvodi minimum neta¢nosti i svi odlu-
¢ujuéi uticaji budu uzeti u racun.

Uzimajuéi u obzir ove zahteve autor je predloZio
jednu kompleksnu zatvorenu teoriju za analizu rav-
nih ortotropnih konstrukcija mostovskog tipa, uk-
lju¢ujuéi dotle zanemarivan efekt poprecne kontrak-
cije, u obliku koji bi omoguéavao 1 precizno relenje
uz pomo¢ ratunara i dovoljno brzo, prosto i lako
pregledno priblizno reSenje (sa slobodnim izborom
stepena tadmosti) [121, 122, 123]. Ovaj dvostruki ka-
rakter metode je neophodan uslov za wuklanjanje
svih mana prethodnih re$enja; ona omogudava pro-
veru rezultata izaslih iz ratunara a isto tako i me-
durezultata u bilo kojoj fazi proracuna.

Resenje je zasmovano na autorovim ranijim ra-
dovima i koristi analizu naponskog stanja materijal-
no ortotropnih plofa. Dat je oblik koji omogudéava
da vedina numeri¢kih proracuna bude izvriena uma-
pred tako da olak$ava tabulaciju parcijalnih rezulta-
ta (bezdimenzionalnih koeficijenata) u korelaciji sa
odlu¢ujuéim karakteristikama istraZenih konstrukcija
(bezdimenzionalni parametri). Tabulisanje bezdimen-
zionalnih koeficijenata je izvrSeno za glavne vredno-
sti ovih karaktenistika [124]; za druge vrednosti ka-
rakteristika izvedeni su interpolacioni obrasci na os-
novu precizno izracunatih numeri¢kih vrednosti koe-
ficijenata tako da greika usled interpolacije ne bi
prelazila tri procenta u bilo kojem odludujuc¢em
slucaju [125, 126].

Naden je prelaz sa realne konstrukocije na ek-
vivalentnu ortotropnu plo¢u [127], definisana je ana-
logija izmedu konstrukcione i materijalne amizotro-
pije [128] i izabran je podesan postupak za iznala-
Zenje potpuno odgovarajucih vrednosti krutosti na
savijanje 1 torziju sa prikladnim uzimanjem u obzir
uticaja poprene kontrakcije [129]. . .

Ustanovljen je stepen tafnosti rezultujucéih veli-
¢ina, koje su od odlucujuée vaZnosti za projektova-
nje konstrukcija. Objasnjen je uticaj razﬂ'é;ml; pret-
postavki na veli¢inu greske a predloZena je i defi-
nicija primenljivosti metode [128]. .

Rezultati metode bi se mogli koristiti u proceni
i detaljnoj analizi uticaja dosledno uvedene popre-
&ne kontrakcije konstrukcije i uticaja popreéne kon-
trakcije uvedene samo u jednom delu (fazi) anali-
ze; rezultati amalize se takode mogu koristiti za od-
redivanje veli¢ine greike nastale usled &mjenice da
je taj uticaj zanemaren.

Put ka daljem upro$éavanju i talmosti re$avanja
ovoga vrlo teikog problema mehanike konstrukcija
ée se nesumnjivo mastaviti u prkos dinjenici da je u
nase vreme te$ko zamisliti bilo kakvo revolucionarno
otkriée ili promenu u algoritmu analize. Analiza
elasto-plasti¢nog ili plastiénso%ustanja ovih konstruk-
cija mogla bi se smatrati buduéim putem punim.

nade.
(Preveo sa engleskog: dr Bo$ko Petrovicd)
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of the Elastic Behaviour of Plane Beam Systems
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Owing to their advantageous static effect, the plane beam
systems get wide application in practice, though the actual
distribution of stress in these systems, when they are
externally loaded, presents great difficulties due to & high
degree of static indeterminacy. Only few structures have been '
paid equal attention as these systems in the history of mechanics,
The bibliegraphy pertaining to this subject is extremely rich;
tens of hypotheses, procedures, and methods have been worked
out im order to clearify the real action of the individual
menbers and to devide a feasible method of analysis. A large
number of dissertations, doctoral theses, and works of rese-
arch faculties and of the staffs of research institutes all
over the world have beean dealing with the analysis of theso’
.éystems. However, only seme of these works have attained their
objectiveé. In mosﬁ of the methods the computational share was
so large that they could not be made much use of due either
to the shertage of time or to the failure to put the mathe-
matical apparatus to its proper use, And those who were more
initiated into the problem sometimes contented themselves |
with only more or less approximate computations. Such was
the end of a number of ambitious methods.

‘Theories covering the elastic behaviour of plane beam
sysﬁems can generally be divided imte three groups:

a/ theories describing the structure in its real form and
covering the behaviour of each member in the structure

with the help of & system of redundant /linear, simultaneous/

equations; the number of these theories is verﬁ high and

they are applicable in direct analysis or analysis of
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relaxation with the help of cemputsrs;

b/ theories that substitute & simpler system of equivalent
rigidity for the real cross joining of the main beams. The
behaviour of the structure is covered by sets of simultameous
differential equations. Omnly in the simplest cases can compu~
ters be dispensed with,

¢/ theories that substitute an elastically equivalent system
equally distributed in both directions for the real system
of individusl members., Analysis can make use of a wide range
of mathematical repertory employed ir the analysis of the
comtinuﬁm, with and without the help of computers.

Theories a/ and b/ , which can be characterized as bar and
rod statics, were worked on from the year 1889, when Engesser
published his work, until about the year 1945. The renascence
of their development begar after 1960 when the new computation-
al technology started to be intrndﬁbed. The different numericel
procedures used until 1947 are duly mentioned in Jansennius °
comprehensive work /1/, later contributions cam be found in |
Beer’'s /2/ and Jiger’s /3/ works. They teétify'te repeated
étteﬁpts‘at findimg fhe most precise solution of the problem
by means of approximative methods.

In the deformation energy method of analysis the unknowns
are forces acting between beams and cross beams /4/, in the
case of pin joints, or in rigid joints, they are 5eimt forces
and moments in two directions /3/,/5/. The number of the un=—
knowns is n, or 3n , if n is the number of j@imts;

Hilal /18/ showed that even in the case of rigid joints the

joint forces can be used as the unkmown quantities, acting

upon both cross and longitudinal beams as two independent
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systems of continuous, elastically constrained beams. But
the solution calls for a preliminary determination of the
fixed points of both the systems of beams.

The solution of 3n equations can be avoided if a system
of the external, the so-called own loads can be found under
which the grid becomes vertically - - deflected to a
simple shape /the deflection lines of all beams or/and cross
beams being similar/. These systems of loads must then enter
into combinations so as to form the actual state of loading.
The method of own loads is a generalization of the Fourier series
ﬁethod, and is in agreement with the general method of the
solution based upon the application of orthogonal functions
frequently used in mathematical mechanics. This method was
first put forth by Bleich and Melan /6/, who made use of the
differential analgsis; later it was déveleped in a different
way by Koch /7/ and Thoms /8/; the precise solutiom is also
given by Melan and Schindler /9/, Homberg /10/, Trost /53/
and others. The obvious disadvantage consists in the fact
that,as a préliminary, it becomes necessary to determine =n
systems of own loads. A certain simplification is pessible
if proportionality is kept between the displacements of the Jjoints
and the external forces,acting either only upon the longitu~-
dinal beams or upon cross beams.

If the number of cross beams is infimite, the own loads
,ars'sinuseidal, which enables a passaeble analysis procedure,
as shown by Timoshenke /14/ for cross beams with supported
ends, and by Hetenyi /15/”and Weber /16/ for free-end cross
beams. Hondermareq /17/ proceeded along similar lines, sub-

stituting an iafinite:numbeﬁ of cross beams for the conbtinuous
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slab resting om parallel beams. Pippard’s and De Waele's /33/
method makes use of umiform distribution of triasverse‘rigi;
dity; the authors obtained a system of differential equations,
the éelutian of which is relatively too complex, to be appli-
cable in practice. Homberg /11/, Clarksom /12/, Biermann/13/
and others published tables for some types @f grillages based
on deformation energy methed analysis.

In the slope-deflection method the unknown quantities are
vertical diéplacements and angular deformation of Jjolints.

This method was first applied to pim joints by Ostenfeld /18/,
for rigid Jjoints the solution of this problem was attempted}
by Genntner, & feasible solution was also put forth by Pale-
tas /20/.

A practical procedure with the help of both the deformation
energy and the slope-deflection methods has been made feasible
by cempaterizatien; especially if the analysis are arranged
in metrix form. Im this direction, works can be taken advan-
tage of, which model the elastic continuum by grid beam
systems. The first momography in this line was published by
Hrennikeff‘/gl/ (a square model of grid with constant Poisson’s
factor l/3).dFer.more general plane beam models the solution h
was derived by Newmark /22/, Ang and Newmark /23/ srd Yettram
and Hussain /24/. Other partieular cases were investigateé
by Christensen /25/, Lightfoot /26/, and Eudson and Matloch /27/.
Willems and Lucas /28/ and others /29/,/30/,/31/ published a
matrix form of the equations of amgular deformations, for a
larger number of members the same was done by Eisenmann et
al. /32/ in the year 1962, The organization of the computatien

can thus easily be arranged in a system,so that programming
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can immediately be started with. The method again consists
irn letting each member be affected by unit angular deforma-
tion in two directions amd by unit displacement im the third
direction; the forces called forth by unit strains are the
so-callea rigidity ceefficients from which a rigidity matrix
for .2ach member is obtained., Rotating these matrices into a
unified system of coordinates we get the matrix of the whole
system from the condition of compatibility of deformations
in joints. The rotated matrices have been prepared before-
hand, and for eacﬁimember only the numerical values of rigi-
dities and dimensions and the angles of the rotatiom of the
matrix are to be substituted. The preéise numerical amalysis
of the grillage by deformation energy methed and the arrange-
ment required by eleectronic computers are also dealt with,
ir a number of Ulickij’s works, e.g., /54/. Despite the fact
that the matrix arrangément possesses the above-mentioned
advantages and the fact that quick-working computers are
readily available,dthese methods are suited for the analysis
of particular cases rather than for the current practice.

In order to avei&Aﬂé system of a large number of equations
various relaxation methods were devised, in which earlier
‘equations, without being written down, are solved by gradual
approximation. The grid is the starting point; its joints
are gradually loosened (by deflection and rotatiomn in both
directions) in a way sﬁggested by Cross:. for the amalysis
of frasmes., For non-rigid jepints such method was worked oub
by Southwell /34/, Jamsemnius /1/ and others, for rigid
joints by Van Russelt /36/ and Jansomnius /1/. Lazarides /7/
was able te apply this méthed in investigating pre-stresse@
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beam grids of various types of support comndition.

All methods mentioned must, in view of the time-consuming
computations, comsist im the numerical detmination of the
influence surfaces; deriving values for internal foreces will,
however, be rather difficult and inaccurate, which also fully
degrades the alleged high degree of precisiom of the method.

The soclubion of the problem was attempted by a numbexr of
approximative methods investigating only & part of the grid,
substituting idealized members for real omes, and introduecing
a priori simplifications.

Bechynd /38/, e.ge, investigated the grid making use of
five moment é@aatiens; in his case the cross beams were
elastic and they rested on elastic supports like continuous
beams,

Leonhardt /39/ chooses a simplified eross joining such .
that all eross beams are concentrated imte ome central cross
beam of eéual rigidity, the tramsfer being based on experimen=-
tal observation., The teprsionsl effect has not been included.
This idea has also been developed by the Czech authors Pa-
cholik /40/, Brebera /41/, Faltus /42/, and Dasek /43/; the
latter tﬁ@ solve the.preblem using the rigidity of cross
beams and longitudinal beams in a fixed ratioc, or, viee
versa, with equal sections of cross beeams and/or longitudinmal
beams for loading graded according to the development of de—
flections (so-called ideal configurationm of loading or harme-
nic loads); this enables them agaim to introduce ome, the
so~called ideal, cross beam. However, the solution 4s lacking
in clarity and is rather difficult to achieve for multiple
states of ioading and,multiple‘beam systems;
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The methods using a single elastic cross beam were perfected
by Kollér /20/, who imcludes torsion imto his comsideration,

A fur%hei_simplifieatiom is the replacement of elastic
eross beams infinitely rigid cross beams, which is the
Engesser method /45/ mentioned above. This method was later
recommended by Courbon /46/, Mallet /47/, Gaussems /53/, and
sceording to Gibshman’s /48/ oral communication similar
approximative solutioms (of Proskurjakov from 1902 /49/,
Grigorjev /Sﬂlj.and‘lljaéeviah ) are still being made use
of in the Soviet designing centres,

Theories under ¢/, in which the real system of individual
members is reduced to an elastically equivalent, conbinuously
spread (smeared, dispersed) system, represent a transition
to mechénies of the continuum, by an application of the
differential equation of an orthogonally anisotrepic slab,

The fundamental differential equation of the deflection
of thin slabs.was derived by Lagrange and Germain in the
year 1811 /55/, Poisson /72/ in his chapter on elasticity
(1829) introduced for the first time the investigation of
éléétia slabs using general elasticity equations; some
boundary conditions of his formulation allowed the solution
of a few simple cases omly. In the year 1850 Kirchhoff /53/
using energy principles deri%ed a descriking eguation and
the corresponding boundary conditions, the number of which
on the free edges he reduced. The fipst study of beams
resting upom elastic foundation was published in the year
1867 by Winkler /57/. His theory was amplified by Zimmer-
mann /58/ in 1888. In the field of slabs resting upon
elastic foundation the first comtribution was by Herz /59/
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in the year 1881, who investigated the slab under concentra-
ted load. Eerﬁ like Winkler made the assumption for the
reaction of the foundations to be in proportion to the
deflection of the elastic slab. In the year 1923 Westergaard
/60/ extended the theory of the.infinite, elastically suppor-
ted slab so as to get a practically feasible method of analy~-
sis of foundation slabs; this method is still inm use; Timoshen-
ko and Woinowsky-Krieger /61/ published the most recent'discas—
sion of the preblém; they dealt with a cetrally loaded circu-
lar slab, In 1953 Livesley /62/ arrived at a formal solution
of problems concerning the semi-infinite slab and the infini-
te gaad:ant. There followed further contributions by a large
number of authors, e.g., Kerr /63/, Gorbunov-Posadov /64/,
Klepnikov /65/, Korenév and Czernigovska /66/, Gorlov and
Serebrjanyj /67/, Zhemochkin and Simicyn /68/ etce

Fundamental works concerning the theorynéf aniseotropic
slabs came from Huber /72/ in 1921, A survey of the develop—-
ment of the equations and various constants of anisotrop¥
is given by Chwalla /44/, Hearmon /69/, Lekhmicky /70/ s
Awbarcumyan /71/ and others.

Since the preeise analysis of the strain and stress of
thin slabs is possible only in special cases, use is made,
when dealing with general systems of slabs, of various
approximative methods of solution, After the full elabora-
tion of the classic solutions of Lagrange’s equation (Havier 8,
Galerkin’s, Levy s, finite-differences etc.), the method of
finite elements was developed in the late fifties dealing
with arbitrary two-dimensional problems, e.g., by Argyris /73/,
Clough /74/,/75/, Melosh /76/, end Zienkiewicz /77/. This
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method divides the coatinuum into geometrically simple

elements stressed by

tnown quantities of internal foreces,
which are determined from the conditions of geometrical
compatibility. Fof ribbed plates this method was elabora=-
ted, €.g., by Mehrain /78/. The computation is relatively
quick provided it is perfeetiy organized. The degree of
precision depends upon the form and the size of the selee=
ted element and upon the degree of the describing polyno—-
mials. Once the programme has been tested the computation
of one state of loading of a system of, 6.g5., 1 000 equa=
tions takes about half a minute. Instead of finite plane
elements use can be made of the method of (finite) bar
(linear) elements, as shown DY, €«SZes Eiseﬁmann, Woo and
Namyet /32/. Both the methods yield comparsble results.

The methéé of plane element allows deformations in the
Jjoints of the substitute system and the mathematical re~
lationships are best defimed by functions of strain. Where=—
as the method of bar-shaped elements makes use of strainable
elements with rigid joints thus coming near the more current-
ly used computational techniques (deformation energy ﬁethads);
The advantage of this methods is that a change in boudary
conditions will not affect either the procedure or the des=-

eribing equations, and various both external and internal

irregularities, like holes, changes in rigidity'ete.,cag easily be
It is a disadvantage of these methods, like all methéiﬁl“ded'

usiﬁg computers on a wide scale, that the statie analyst is

rather detached from the real structure, he cannot check up

on the result, select the most economical elternative etce

Since the so-called exact computation (i.e., a multi~digit
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number pertaining to the described system) is of no use
owing to the fact that a number of idealizations must
necessarily bhave entered the initial parameters. The .?.j'.'t:ua.-~
tion here is similar as with theories under a/ and b/,

that is also in solving the problems of the continuum various
approximative methods find wider practical application. Here
too, the methods employing distribulion coefficients(asﬁthe
methods of Leonhardt, Faltus, Daek etc.) proved to be advan-
tageous,

Guyon /79/, drawing on Masselin /80/, derived the method
of distribution coefficients for structures with zero tor—
sional rigidity, Massonnet /81/, using Hetenyi’s approach
/15/, extended this method to cover toréionall& rigid struc-
tufes. The basic assumption of both these methods is that
transverse distribution of any load is the same as that of
sinusoidal loads, which is what DaSek /43/ derived for beams
of constant cross sectiom. Detailed expéfimental analysis
showed guide good agreement with reality, in spite of the
fact that in the distribution of internal forces there were
some discrepancies especially im structures with slab; or
in prestresses structures (e.g., /82/,/83/,/84/4,/85/,/86/ 4
/87/. The reasdég%éé%hat Gusan s assumption of the equal
dlstrmbntion of every load bas limited validity, if the
irnfluence of transverse contraction is disregarded.

Further development of the approach using distribution
coefficients gave Tise to the G-M-B iethod {Guyon~Massonnet-
Bare3 method /89/), which enabled anm ‘easy analysis of inter—
nal forces under any load.

In the year 1971 Cusens and Pama /90/ set forth a modified



G-l-B theory , by compubing new coefficients for the determi-
nation of deflection and of longitudinal moments for a simgle
concentrated load, as the sum of the first nine terms of the
series by which the lecad was approximated. In thig'way they
virtually narrowed the scope of the original method. They
introduced the influence of Poisson’s coefficient only into
the expression for bending moments of the structure with
slab (maximum) torsional rigidity.

On the basis of Pucher’s method of singularities /92/
Krug and Stein eanalyzed iﬁfluence éurfaees for a number of
rigidity cases in 1961. The method provided the possibility
to cheek on, to desién eﬁly sonme conerete.cases; the prepa-
ration of the computation for the electronic compuber took,
according te Sattler, several years; & single influence sur-
face required over 5 000 instructicns. Influence surfaces
are also dealt with by Bittmer /93/, Olsen~Reinitzhuber /94/,
Homberg /10/, Hoeland /95/. Apar@”from this there exist a
number of solutions of Huber's equatien /72/ accompanied
by tables /96/,/97/./9815/997 or by formulae /100/,/101/,
/102/. S

‘Hossaim (in 1975) /103/ suggested extending the G-M-B
method te‘siab bri@ge structures on intermediate sapperts
by superimposing the effects of isolated reactions computed
from the compatibility condition of deflections upor the
effects of external lecading. He imbtroduced a numerically
simpler computation of influence lines by adjusting the

arrangement of the computation.
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Rowe /104/ and Hossaim /103/ poimted at the importance of
the influence of Poisson’s coefficient, although they did
not succeed in introducing it with all consistency.

A number of authors have proved that exact selutionm of

énisotropie systems strickly on the basis of Huber’s
equation is lmpossible, since the distances of the neutral l
axis change from place to place according to local rigidities;
The influence of the wall effect may considerably influence
above all the state of stress of the top fibres of the struc-
ture. Some methods take account of all forces active im the
orthotropic slab, the solutiom, however, leads to partial
differential equation of the eighth order, or to a system
of two partial equatioms of the fourth order. Due to the
complexity of boundary conditions it is praetiéally impos-
sible to reach the solution /105~115/ and nelither can the
use of computer bring about a change here. Applying these
Procedures calls for various simplifications of the assump-
tioms, which more tham offsets any contributiom in the way
of the original higher degree of precision.

Apart from looking for a feasible way of solution of Hu=-
ber’s equation a number of authors have made great efforts
at éetermining,as closely as possible the input quantities,
especially the flexural ard torsional rigidities. Particular-
ly in the development of methods based on the use of compu~
ters the disproportion was strongly felt between the precise
computations and the unsatisfactorily defined input parame-
ters.

The determination of the torsional rigidity of a ribbed
sleb was usually based on the sum of the values pertaining
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to the inmdividual, separate parts, according to Timoshenke
and Goodier /116/. Rowe /117/ did not take any aecount of
the effect of Poisson’s ratio and Timoshenko and Woinowski-
Krieger /61/ ihcladeaiP@iss@n'a ration only into a part of
the cress“seetion formed by the slab, not into the system
of ribs. In most cases their method yields very imaccurate
(usually higher) values. In his theory based on Pfluger 8
work /107/ Gienke /108/ considered Peissen s ratio for the
whole of the systen, but his equations of stress are formap
lated as if the lateral ribs were in equal contact for the
whole length of the longitudipal ribs; the influence of
Poissen’s ratic would thas be considerably exaggerated.
Jacksenulllsl suggested evaluating torsional rigidity of
the whole cfess section after a membrane analogy; the slab
is not considered as a continuocus member tramsferring shear
flow, and the values of torsiomal rigidity are them toe
high., Bare3 and Machan /111/ introduced rigidity im torsion
from the interaction of the rigidity in torsion of an isotro-
pic slab and the cleosed holleow profile of the stiffeners.
Cusens, Zeidan and Pama /119/ modified Giencke’s approaeh
to suit a certain system of arrangement, but in deriving
the equations of stress they could not avoid certaim in-
accuracies. Cormelius /100/ introduces the so-called effec~
tive rigidity im torsion, Hoppmenm /120/ made estimates of
rigidity on the basis of experiments, Trenks /110/ failed
to deal with rigidity in the torsiom of beams and with
excentricity in transverse direction etc, As there does

not exist any orthetropic slab (in Huber’s semse) perfect-
1y equivalent to @ slab with asymmetric stiffemers, there
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is no general formula for the seeming torsional rigidity of
Huber‘s slab equivalent to real ribbed slab; at most, only
fermﬂiae can be derived each limited only to one special
problem, and agreement can be obtained for deflstions only,
not for the states of stress.

Despite the fact that the subject has been widely and
thorougly studied, so that it could seem that it has been
pair proper attention to, the auggegh%geggpgﬁét it has note.
The methods making use of computers cam only yield results
that are fully dependent upon the assumptions and the data
of the input; at the same time they withdraw the work, the
structure, from the static analyst’s immediate scope of
observation: he can hardly check ué on how the different
static quantities are influenced, which results in the fact.
that +though the computations may be very accurate, the
structure is designed uneconomically. Computational optima=-
lization is.nather expensive and, moreover, there is still
the danger of errors both in the input and output data
being easily overlooked. Some input values and assumpti@ms
also proved to be rather inadequate. The approximative mete
hods, on the other hand, yield direct results and they do
it rapidly enough; but since their simplifying assumptions
are unjustified, they are not in a position to give a true
record of the state of stress in the strueture,.

So we are still facing the problem of how the concentra-
ted load, or loads, are in reality distributed among the
different members of the bridge system if the values of
flexural an& torsional rigidities and the values of trans~
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verse contraction vary., For a bridge designer the following
items are of great importance: the dgterminatiam of the
optinmum valge of transverse rigidity and, with prestressed
structures, the determination of the critical value of
transverse prestressing; the possibility of evaluating

the effects of an abnormal load, for which the bridge has
not been dimensioned, and of determining the optimum place
of that load on the bridge, or the possibility of selecting
from a number of bridges the onme, which from the point of
view of economy it will be best to recomnstructe in order
that i% can carry such abnormel load. It is important that
the designer should be able to carry out computations under
the same initial assumptions with varying degrees of preci=-
sion and to check up easily on the output data of the com=
puter so as to avoid gross errors. It is necessary that the
basic computational procedure should involve the minimum
of inmaccuracies and that all decisive influences be taken
account of.

g into account these requirements author suggested
a complex closed theory for the analysis of plane orthotro-
pic structures of the bridge type, including the so-far
neglected effect of transverse contfactien in a form that
would enable both a precise solution with the help of
computers and an approximative solution (with the option of
the degree of aécuracy) rapid enough, siﬁple, and easily
surveyed /121,122 , 123/. This double character of the met-
hod is the neceséary ééndition for dealing with all disad-
vantages of the previous solutions; it enables a check of

both the result put out by the computer and the intermedia-
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te calculations of any phase.

The solution is based on author’s earlier works and makes
use of the analysis of the state ef stress in materially
orthotropic slabs., It has been given & form which enables
most of the numerical computations to be carried out before-
hand so as to facilitate tabulation of partial results (of
non~dimensional coefficients) in correlatiom with the deci-
sive characteristics of the investigated structure (non-di-
mensional parameters). The tabulation of non-dimensional
coefficients has been carried out for the main values of
these characteristics /124/; for other values of the charac-
teristics the necessary iﬂterpelative formulae have been
determined on the basis of precisely computed numerical
values of coefficients so that the error due to interpola-
tion should not exceed three per cent in any decisive case
/125/, 126/

Conditions have been found for the transition from the
real structure to an equivalent structurally orthetropic
slab /127/, the analogy between the structural and material
anisotropy has been defined /128/, and a suitable procedure
has been selected for finding fully adequate values of fle-
xural and torsiomal rigidities with due regard to the
influence of transverse contraction /129/.

The degree of precision of the resuiting quantities, which
are of decisive importance for the structural design, has
been established, the influence of the different assumption
upon the magnitude of errers has been clarified, and a de-
finition of the applucability of the method has been sugges=—
ted /128/.
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The results of the method could alsc be used in the eva-
luation and detailed analysis of the influence of the consis-
tently introduced transverse contraction of the structure
and of the influence of transverse contraction imtroduced
into one part (phase) of the analysis only (as suggested by
some authors before); the results of the methods have also
been made use of in determining the magnitude of the errors
caused by the fact that this influence has been neglected,

A way to a further precision and simplification of the
solution of this very difficult problem of structural mecha=-
nics will indubitably continue in spite of the fact that it

is for the time being difficult to imagine any revolutional

discovery or a change of analysis algorithms . An analysis
of this structures in elasto-plastic or in plastic state

night be considered as a hopeful future way.
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